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Quantum correlation between a particle and potential well or barrier
F.V. Kowalski and R.S. Browne
Physics Department, Colorado School of Mines, Golden CO. 80401 U.S.A.
A two-body quantum correlation is calculated for a particle and an infinite potential well in which
it is trapped or either a barrier or finite well over which it traverses. Correlated interference results
when the incident and reflected particle substates and their associated well or barrier substates
overlap. Measurement of the particle in this region causes a splitting of the well or barrier substate
at subsequent times. The joint probability density, which is a function both of the different positions
and different times at which the particle and well or barrier are measured, is derived assuming that
no interaction occurs between the time each is measured.
I. INTRODUCTION
Correlation and interference distinguish quantum from
classical physics. The former is manifest in the measure-
ment of many-body coincidences predicted by a quantum
joint probability density function (PDF). The latter is
most familiar as a one-body PDF for an outcome that
can be achieved in at least two indistinguishable ways.
However, interference can also be generated by super-
posing many-body states in indistinguishable ways [1].
Quantum correlation between a particle and the center
of mass (cm) of the potential well in which it is trapped
or the cm of a barrier over which it traverses is described
here. When the incident and reflected two-body wave-
functions overlap, correlated interference occurs. This is
calculated for the particle and well or barrier all having
non-zero rest mass and with motion in free space along
one dimension.
A single-body treatment of a particle in both of these
potentials is familiar from a first exposure to quantum
mechanics. However, the two-body quantum effects on
the particle and cm of the well or barrier, including corre-
lated interference and the “kinematic” effects (e.g. recoil)
due to the interaction, have not been discussed in the lit-
erature as far as we know. We also develop a formalism to
describe asynchronous measurement of the particle and
well or barrier, the predictions of which are not needed
in a single-body treatment.
For a particle traversing a barrier, in a single-body
treatment, a refractive index is often used to parametrize
the wavefunction; an example of which is the neutron
wavefunction traversing a barrier consisting of a slab of
matter [2]. The analogous classical example is given by
an electromagnetic wave traversing a slab of glass, where
again an index of refraction is used to parametrize the
interaction. The controversy involved with the form of
the electromagnetic stress-energy tensor for the electro-
magnetic wave interacting with matter has a long history
and involved many well known physicists of the twentieth
century [3, 4]. The analogous quantum result, presented
here for the two-body solution, is shown to involve a sim-
ple division of kinetic energy and momentum between the
particle and barrier.
A simpler yet similar two-body problem occurs for re-
flection of a particle from a mirror [5]. Correlated inter-
ference in such reflection is an example of perhaps the
simplest interferometer, utilizing neither division of am-
plitude nor division of wavefront methods to generate in-
terference, with path lengths which need not be carefully
matched for interference to be manifest. The two-body
interaction of a particle with a barrier has effects similar
to the particle-mirror interaction: transfer of coherence
and the possibility of extending the quantum-classical
boundary to a macroscopic mass. Here, however, the fo-
cus is on correlated interference and the predictions of
synchronous and asynchronous measurements due to the
interaction of the particle with the well or barrier. The
consequences for asynchronous measurements of a parti-
cle reflecting from a mirror have been discussed [6].
A synopsis of this work is as follows. First an overview
is given to place the model for calculating asynchronous
correlation in context. This model is then shown to con-
serve probability. Next energy eigenstate solutions to the
Schro¨dinger equation for both the well and barrier po-
tentials, modified to include non-simultaneous measure-
ments, are derived. The superposition principle is then
used to form reflected particle-well or particle-barrier
wavegroups. Predictions from this non-simultaneous
joint PDF in the limit of simultaneous measurements are
described. This is then related to the predictions for
measurement of the particle followed by measurement
of the well or barrier. Particularly emphasis is on the
correlated interference or overlap region of the incident
and reflected particle-well or particle-barrier wavegroups
where it is shown that asynchronous measurement of the
particle acts as a “beamsplitter” for the well or barrier.
II. THEORY
A. Overview
A common example of quantum correlation utilizes
conservation of angular momentum in particle decay for
an isolated system in an eigenstate of angular momentum
[1]. A measurement of the angular momentum of one de-
cay product then always results in the second exhibiting
an angular momentum consistent with the initial angu-
lar momentum state of the system. Since this property of
the second particle can be measured simultaneously with
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2that of the first it is often used as fodder for a discussion
about transmitting signals faster than the speed of light
[7].
By analogy, one might wonder if this “instantaneous
collapse” extends to non-simultaneous measurements. If
so, predictions would then be determined by the follow-
ing sequence: measurement of one particle is followed by
the immediate collapse of the other particle’s substate,
this second particle’s substate then time evolves from its
collapsed state, and finally another measurement is made
on only the second particle. Such reasoning is based on
the assumption that measurement of the first particle
collapses the substate of the second particle. We argue
that this assumption is incorrect: a measurement of one
substate does not collapse all substates of the system.
A more concrete illustration utilizes the angular mo-
mentum example mentioned above. Let the initial system
not be in an eigenstate of angular momentum. A mea-
surement on one particle then does not require a unique
angular momentum for the second particle since the sys-
tem is not in an eigenstate of angular momentum. Yet
by definition, collapse produces only one of the eigen-
states of the operator corresponding to the measured ob-
servable. If an angular momentum measurement on the
first particle’s substate yields a particular value then into
what unique value of angular momentum does the sec-
ond particle collapse? There never was a well defined
angular momentum of the system to constrain the an-
swer. Yet the answer is needed, in the procedure de-
scribed above, as an initial condition to determine the
time evolution of the second particle until it is actually
measured. However, only a measurement of the angular
momentum of both particles collapses the wavefunction
of the system into a unique angular momentum state and
therefore satisfies the definition of a measurement of the
system. The sum of simultaneous measurements on each
particle yields the angular momentum of the system.
In forming a model which does not rely on the assump-
tion of simultaneous collapse it is useful to review the pro-
cedure for determining the results of a measurement of
each position simultaneously in a two-body system. This
is given by the two-body joint PDF integrated over the
spatial extent of each detector. Building on this result,
we propose that a measurement of the position of the two
particles at different times is given by the joint PDF eval-
uated over the spatial extent of each detector at the times
each is measured. Note that the system is measured only
once. There is no collapse and re-measurement of either
particle nor of the system. To prevent correlations from
occurring after the first particle is measured it is assumed
that there is no interaction during the time evolution be-
tween measurements.
To account for different temporal measurements of the
particle and well or barrier, respective time parameters t1
and t2 are introduced. These are used both to distinguish
between the energies of the particle and the well or bar-
rier in the expression for the wavefunctions (as opposed
to using only the total energy) and to label the different
times at which the particle and well or barrier are mea-
sured. They do not indicate evolution of the subsystems
via different Hamiltonians as do the different time vari-
ables used by McGuire [8]. They neither tick at different
rates nor are they out of phase, but rather act as only
a label, just as x1 and x2 label the particle and well or
barrier spatial coordinates along the x axis. Using par-
ticle and well or barrier coordinates x1 and x2, masses
m and M , and initial velocities v and V respectively, the
two-body Schro¨dinger equation,
(h¯∂2x1/2m+ h¯∂
2
x2/2M + PE[x1 − x2]
+i∂t)Ψ[x1, x2, t] = 0 (1)
is then written as
(h¯∂2x1/2m+ h¯∂
2
x2/2M + PE[x1 − x2]
+i∂t1 + i∂t2)Ψ[x1, x2, t1, t2] = 0, (2)
where the square brackets are used to indicate the argu-
ment of a function. The difference between these equa-
tions is that the time rate of change of Ψ in the first
equation, proportional to the total energy of the system,
is separated into a term proportional to the energy of
the particle plus that of the well or barrier in the sec-
ond equation. The sum of the two time derivative terms
in equation 2 is equal to the one time derivative term
in equation 1. Both equations express conservation of
energy but parse it differently.
To illustrate the utility of such notation consider cal-
culating the expectation value of the particle’s energy us-
ing one-time notation, written as ih¯ 〈Ψ | ∂/∂t |Ψ〉. This
of course yields a total energy of the system rather than
that of the particle and therefore is not what would be
measured. However, ih¯ 〈Ψ | ∂/∂t1 |Ψ〉 gives the appro-
priate energy expectation value of the particle. A similar
result follows for the well or barrier.
The probability of measuring the particle at (x1, t1)
and the well or barrier at (x2, t2) is then given by∫∫
PDF [x1, t1, x2, t2]dx1dx2 with the joint PDF deter-
mined by the solution of equation 2 as ΨΨ∗. Measure-
ment of the particle fixes (x1, t1) as the PDF evolves
along (x2, t2). Examples of such asynchronous predic-
tions are shown below in figs. 3 and 6 for the particle-
finite well and particle-infinite well.
Conservation of probability can then be expressed lo-
cally as,
∂t1PDF [x1, t1, x2, t2] + ∂t2PDF [x1, t1, x2, t2] +
∂x1j1[x1, t1, x2, t2] + ∂x2j2[x1, t1, x2, t2] = 0, (3)
where j1[x1, t1, x2, t2] = h¯(Ψ
∗∂x1Ψ−Ψ∂x1Ψ∗)/(2im) and
j2[x1, t1, x2, t2] = h¯(Ψ
∗∂x2Ψ − Ψ∂x2Ψ∗)/(2iM). While
the expressions for these current densities appear simi-
lar to that for one particle systems there are subtle but
important differences for a two body system [9].
Multiplying equation 3 by dx1dx2, integrating over the
segment from a to b along the x-axis (a ≤ x1 ≤ b and
3a ≤ x2 ≤ b), and then rearranging terms yields a solution
to equation 3 if
∂t1
∫ b
a
PDF [x1, t1, x2, t2]dx1 +
j1[b, t1, x2, t2]− j1[a, t1, x2, t2] = 0 (4)
and
∂t2
∫ b
a
PDF [x1, t1, x2, t2]dx2 +
j2[x1, t1, b, t2]− j2[x1, t1, a, t2] = 0. (5)
These equations indicate that the time rate of change in
probability within the ab segment on the x-axis is deter-
mined separately by a net change in particle and well or
barrier probability fluxes in that region, which is simi-
lar to conservation of probability in a one-body system.
Now, however, probability of the two-body system is con-
served even if the particle and well or barrier are mea-
sured at different times.
The incident and reflected particle-well or barrier
states interfere when they overlap. This is similar to
the one-body standing wave interference of a harmonic
electromagnetic wave reflecting from a stationary mirror
[10]. Classically, the incident and reflected waves inter-
fere while the mirror experiences a continuous force due
to radiation pressure. Quantum mechanically, interfer-
ence occurs since the incident and reflected states are
indistinguishable for a measurement of position (but not
for a momentum measurement which distinguishes direc-
tion).
The two-body quantum analogy involves solving the
Schro¨dinger equation using particle and well or barrier
coordinates with the appropriate interaction potential.
Interference is expected between the incident and re-
flected particle substates along with interference of the
well or barrier substates which have and have not re-
flected the particle. Their correlation is perhaps not,
being a consequence of the solution to the Schro¨dinger
equation, from which a joint PDF is constructed. This
then describes the correlations in the two-body interfer-
ence which are manifest as coincidence rates, e.g. a cor-
relation in the measurement of particle-well or barrier
positions.
B. Asynchronous model
Before reflection, the Schro¨dinger equation for the non-
interacting particle-well or barrier state is
(h¯∂2x1/2m+ h¯∂
2
x2/2M + i∂t1 + i∂t2)Ψ = 0.
As described above, this notation provides a label to
which the energy and wavevector of each object is as-
sociated, which is illustrated in the solution given by
Ψ0 ∝ exp[i(kx1 − h¯k
2
2m
t1 +Kx2 − h¯K
2
2M
t2)], (6)
where k and K are the wavevectors for the particle and
well or barrier respectively, k = mv/h¯ and K = MV/h¯.
A wavegroup constructed from the separable particle-well
or particle-barrier state in equation 6 then leads to un-
correlated predictions about the probability of finding the
particle at (x1, t1) and well or barrier at (x2, t2).
The particle-well or particle-barrier interaction is de-
termined from the Schro¨dinger equation given by
(h¯∂2x1/2m+ h¯∂
2
x2/2M + PE[x1 − x2]
+i∂t1 + i∂t2)Ψ[x1, x2, t1, t2] = 0, (7)
where PE[x1−x2]is the potential energy associated with
either the well or barrier. Of interest is a solution which
yields an energy eigenstate for the particle-well or barrier
interaction, for which neither the particle nor the well or
barrier is localized.
A separable solution to this two-body Schro¨dinger
equation results from a transformation to the center of
mass and relative coordinates xcm and xrel of the system
with respective energies Ecm and Erel (not to be confused
with the cm of the particle or cm of the well or barrier).
This transformation does not change the total energy,
(h¯K)2/(2M) + (h¯k)2/(2m) = Erel + Ecm. Relative and
center of mass times trel and tcm are introduced and as-
sociated with the relative and center of mass energies.
These time variables satisfy the same properties as do t1
and t2 but in this case provide the notation needed in
separating the energies associated with the relative and
center of mass subsystems.
The transformed Schro¨dinger equation becomes
(
h¯∂2xcm
2Mtot
+
h¯∂2xrel
2µ
+ PE[xrel] + i∂tcm
+i∂trel)Ψ[xcm, xrel, tcm, trel] = 0,
where Mtot = m+M , µ = mM/(m+M), xcm = (mx1 +
Mx2)/Mtot, and xrel = x1 − x2. Using
Ψ[xcm, xrel, tcm, trel] = ψcmψrel
= e−iEcmtcm/h¯U [xcm]e−iEreltrel/h¯u[xrel],
reduces the Schro¨dinger equation to two ordinary differ-
ential equations:
− h¯
2Mtot
d2U [xcm]
dx2cm
= EcmU [xcm] (8)
− h¯
2µ
d2u[xrel]
dx2rel
+ PE[xrel] = Erelu[xrel]. (9)
C. Infinite-potential well energy eigenstates
The boundary condition for the infinite potential well
is Ψ[xrel ±D] → 0. The relative wavefunction does not
exist outside the well for xrel < −D and xrel > D. A
4solution to eqn. 9 for a particle which has reduced mass
is [11]
Ψrel ∝ e−iEreltrel/h¯ sin[npi(xrel +D)
2D
] Θ[xrel, D], (10)
where Θ[xrel, D] = (θ[xrel + D] − θ[xrel − D]) (θ is the
unit step function) has value one within the well and zero
everywhere else with n being the number of nodes.
The solution to eqn. 8 is given by
Ψcm ∝ ei(Kcmxcm−Ecmtcm/h¯). (11)
The complete solution is then Ψ[xcm, xrel, tcm, trel] ∝
ψcmψrel.
We are interested in measurements of the particle and
well rather than measurements of two transformed “ob-
jects,” one with a reduced mass and the other with the
total mass of the system, neither of which exist. A
transformation from the relative and center of mass co-
ordinates (not to be confused with the cm of the par-
ticle and well) to the particle-well coordinates is then
needed and involves the following substitutions: Kcm =
k + K, Krel = (Mk − mK)/Mtot, xrel = x2 − x1,
xcm = (mx1 + Mx2)/Mtot, Erel = h¯
2K2rel/2µ, and
Ecm = h¯
2K2cm/2(m+M).
Expanding the sine function in eqn. 10 into exponen-
tial form results in wavefunctions traveling in opposite
directions. Transforming back to the particle-well coor-
dinates, the momenta and energies of the particle and
well differ in magnitude in these two directions.
The modes of the square well, characterized by the
number of nodes n, are determined in the cm-rel coordi-
nates by Krel = npi/2D. In the particle-well coordinates
this constrains values of particle and well velocities by
v = V + npi
h¯(m+M)
2DmM
. (12)
The wavefunction’s phase, φ, needs to have its tem-
poral part transformed from the parameters tcm and
trel to t1 and t2. This is done by associating the ki-
netic energy of the particle with t1 and the kinetic en-
ergy of the well with t2. The particle’s kinetic energy,
p2particle/2m is determined from pparticle = h¯∂φ/∂x1.
Similarly, the energy for the well, p2well/2M , is deter-
mined from pwell = h¯∂φ/∂x2. These values differ in
the two directions. While the resulting energies and
momenta are consistent with those of a classical parti-
cle reflecting from the walls of a moving well they are
manifest in the two-body wavefunctions as a “Doppler
shift”. The resulting expression for the eigenstate of en-
ergy, Ψ[x1, x2, t1, t2], is too large to present here.
D. Potential barrier energy eigenstates
The barrier has potential energy PE and extends over
a distance D. This divides space into three regions: be-
fore the barrier or “before”, in the barrier region or “bar-
rier,” and after the barrier or “after.” Solutions are first
obtained for these three regions in the cm and rel coor-
dinates by solving eqns. 8 and 9.
The solution to eqn. 9 before the barrier consists of
incident and reflected wavefunctions given by
Ψbeforerel = Ae
i(Kbeforexrel−Ereltrel/h¯)
+Bei(−Kbeforexrel−Ereltrel/h¯), (13)
where Kbefore =
√
2µErel/h¯. The solution in the barrier
region also consists of incident and reflected wavefunc-
tions given by
Ψbarrierrel = Fe
i(Kbarrierxrel−Ereltrel/h¯)
+Gei(−Kbarrierxrel−Ereltrel/h¯), (14)
where Kbarrier =
√
2µ(Erel − PE)/h¯. The solution after
the barrier consists only of a transmitted wavefunction
given by
Ψafterrel = He
i(Kafterxrel−Ereltrel/h¯), (15)
where Kafter =
√
2µErel/h¯.
The boundary conditions are continuity of the wave-
functions and their derivatives with respect to xrel at
xrel = ±D. These then constrain the coefficients B, F ,
G, and H with A = 1.
Again, the solution to eqn. 8 is given by eqn. 11.
The complete solution is then Ψ[xcm, xrel, tcm, trel] ∝
ψcmψrel. Since we are interested in predictions about
measurements of the particle and well rather than mea-
surements of the reduced mass and total mass “objects,”
a transformation from the relative and center of mass to
the particle-well coordinates is utilized.
The wavefunction’s phase, φ, needs to have its tem-
poral part transformed from the parameters tcm and trel
to t1 and t2. This is done by associating the kinetic en-
ergy of the particle with t1 and the kinetic energy of the
well with t2. The particle’s kinetic energy, p
2
particle/2m
is determined from pparticle = h¯∂φ/∂x1. Similarly, the
energy for the barrier, p2barrier/2M , is determined from
pbarrier = h¯∂φ/∂x2. This has to be calculated separately
in each region and wave propagation direction. The re-
sulting energies and momenta are consistent with those
of a classical particle reflecting from a barrier and are
manifest in the two-body wavefunctions as a “Doppler
shift”. Again, the resulting expression for the eigenstate
of energy, Ψ[x1, x2, t1, t2], is too large to present here.
Since this procedure does not assign a time variable
to the potential energy in the barrier region, a time tPE
is used for this purpose. Such a term has no measurable
effect as will be shown next. The wavefunction in the bar-
rier, expressed in terms of the particle-well coordinates,
is then
Ψbarrier = Fei{Φ
right
spatial−(KEright1 t1+KEright2 t2+PE tPE)/h¯}
+Gei{Φ
left
spatial−(KEleft1 t1+KEleft2 t2+PE tPE)/h¯},
where Φrightspatial and Φ
left
spatial contain the spatial terms in
the phase and are functions of m,M, v, V, PE, x1, x2, and
5h¯. The temporal terms contain the kinetic energy for
the particle and barrier moving to the right and left,
KEright1 ,KE
right
2 ,KE
left
1 ,KE
left
2 and the potential en-
ergy PE. The kinetic energy terms are functions of
m,M, v, V, PE, and h¯.
The potential energy term eiPE tPE/h¯ is a common fac-
tor of both the incident and reflected wavefunctions in the
barrier. Since the PDF is generated from the wavefunc-
tion multiplied by its complex conjugate, such common
factors have no effect on the PDF. There is then no need
to associate the potential energy part of the total energy
with either the particle, as a coefficient of t1, or the bar-
rier, as a coefficient of t2, or as a separate term in the
phase, PE tPE/h¯. The potential energy part of the total
energy has observable consequences only parametrically
within the momenta and kinetic energies of the particle
and barrier. This simple division of the momentum and
energy of the particle in the barrier can be contrasted
with that of the stress-energy tensor for an electromag-
netic wave traversing a dielectric slab [4].
III. WAVEGROUP RESULTS
Wavegroups are next formed from a Gaussian superpo-
sition of the two-body energy eigenstates for the particle
and well or barrier described above. Correlated inter-
ference is a consequence of such a superposition. How-
ever, we focus the following discussion on the subsets of
correlated interference effects which deal with the super-
position of two such wavegroups. One example is the
interference when the incident and ‘reflected’ two-body
wavegroups overlap. These types of PDF’s are first il-
lustrated for simultaneous measurement of the particle
and well or barrier, followed by ones for asynchronous
measurements.
A. Particle-barrier or finite well
The wavegroup for the particle and barrier or finite well
is calculated using a Gaussian superposition of the en-
ergy eigenstates given in subsection II D. Unfortunately,
the coefficients B, F , G, and H of eqns. 13, 14, and 15
depend in a non-trivial manner on the variables of inte-
gration. The resulting integrals cannot be determined in
closed form. To facilitate the calculation, the following
sums will replace these integrals:
Ψwavegroupbarrier ∝
Vf∑
Vi
e
−(V−V0)2
2∆V 2√
∆V
Ψ[x1, x2, t1, t2]
where the peak of the barrier velocity distribution is at
V0, ∆V is its width, and the sum is from an initial bar-
rier velocity Vi to a final velocity Vf . Summing over the
particle velocity distribution yields the wavefunction for
the wavegroup given by
Ψwavegrouptotal ∝
vf∑
vi
e
−(v−v0)2
2∆v2√
∆v
Ψwavegroupbarrier ,
where the peak of the particle velocity distribution is at
v0, ∆v is its width, and the sum is from an initial particle
velocity vi to a final velocity vf .
1. Simultaneous measurement: KErelativeinitial > PE
Consider next a particle interacting with a finite well.
Their sum of initial kinetic energies in the relative coor-
dinate system is greater than the well PE. The size of the
particle substate wavegroup is chosen to be a few times
larger than the finite well width D. Fig. 1 shows re-
sults of the PDF’s for three sequential snapshots taken
at equal time intervals progressing along the dashed line
from the lower left to upper right and upper left. The
analagous classical positions of the particle and finite well
for particular snapshots are illustrated in the insets. The
barrier boundaries occur at the diagonal white lines, cor-
responding to x1 = x2 ±D. The parameters used in fig.
1 are v0/V0 = 6, ∆v/∆V = 1.5, and M/m = 5 while
the KErelativeinitial − PE/ | PE |= 1.4 using the average
value of KErelativeinitial for the wavegroup particle and well
distributions.
One category of correlated interference, which we call
type I, occurs when the incident and reflected two-body
wavefunctions, traveling in opposite directions in the
(x2, x1) plane, ‘overlap.’ This is illustrated in fig. 1 by
the fringes of the middle snapshot just to the left of the
line x2 = x1 +D. These fringes are spaced by about half
the deBroglie wavelength of the particle for M >> m and
v >> V as are the similar correlated interference fringes
in the two-body reflection of a particle from a mirror [5].
However, the interaction generates another form of cor-
related interference when the reflected wavegroups, one
from each barrier surface, interfere as they travel in the
same direction in the (x2, x1) plane. This new category
of correlated interference, which is referred to as type II,
is illustrated in fig. 1 by the peak labeled b and is similar
to the classical interference of a pulse of light reflecting
from a thin film.
Changing only the barrier spacing generates an oscil-
lation in the PDF for peak b analogous to that found
in the interference of a pulse of light reflecting from a
thin film whose thickness varies. That is, this peak goes
through constructive and destructive interference from
the two barrier reflections when the wavegroup size is
much larger than that of the barrier and the spacing D
is varied. As time progresses peak b maintains this in-
terference as it travels in the (x2, x1) plane, whereas the
correlated interference associated with the fringes shown
in the middle snapshot of fig. 1 is localized to a small
temporal and spatial region.
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FIG. 1: Three simultaneous PDF snapshots for sequential
times vs coordinates (x2, x1). The first snapshot generates
peak a while peaks b and c comprise the last snapshot. The
classical analogs of these peaks are shown in the insets. The
PDF progresses temporally along the dashed line.
2. Simultaneous measurement: PE < KErelativeinitial < PE
Consider next wavegroups for which some Fourier com-
ponents of the particle and barrier substates have a total
initial kinetic energy in the relative coordinate system
which exceeds the barrier potential energy while other
components have a total relative initial kinetic energy
which is less than the barrier potential. To illustrate the
resulting PDF’s the size of the particle and barrier sub-
state wavegroups are chosen to be slightly larger than the
barrier width D.
Fig. 2 shows the PDF’s from such an interaction using
three sequential snapshots, progressing along the dashed
line from the lower left to upper right. The speed of
the particle and well are illustrated for a classical system
of two such particles in the insets next to each snapshot.
Again the diagonal white lines correspond to x1 = x2±D.
The parameters used in fig. 2 are v0/V0 = 6, ∆v/∆V =
1.5, M/m = 5 while the KErelativeinitial − PE/ | PE |= 0.3
for the average value of the KErelativeinitial for the wavegroup
distributions.
This figure illustrates yet another form of correlated
interference, referred to as type III: that from multiple
reflections from the two barrier edges, which is shown
isolated from other effects as the unlabeled peak in the
PDF located between both x1 = x2±D and peaks b and
c in the third snapshot. This peak is analogous to the
buildup and decay of electromagnetic energy in a optical
cavity. Later snapshots (not shown) illustrate its decay.
The position of peak c can be compared between figs.
1 and 2 since all parameters are the same except the
PE. The location of this peak indicates the effect of the
x1x2
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FIG. 2: Three simultaneous PDF snapshots for sequential
times vs coordinates (x2, x1) for the particle traversing the
barrier. The only difference between the parameters used
here and in fig. 1 is the PE which forms a barrier.
interaction on the relative transit times for the particle
and finite well or barrier wavegroup substates.
3. Asynchronous results: particle-barrier KErelativeinitial > PE
Next consider asynchronous measurements of the par-
ticle at a particular x1 and t1 while the barrier substate
then evolves with Ψ[x1|fixed, x2, t1|fixed, t2]. Once the
particle has been measured there is no interaction be-
tween the particle and barrier. The sum of the relative
initial kinetic energies is chosen to always be greater than
the barrier PE. Asynchronous predictions are described
first for type II and then type I correlated interference.
As an example of the former we fix x1 and t1 on peak
(b) in fig.1 while for the latter x1 = −2 and t1 is fixed
during the middle snapshot time shown in fig. 1.
The most straightforward way to illustrate asyn-
chronous measurement in type II correlated interference
is to graph the barrier’s PDF vs. x2 for different snap-
shots in t2 while fixing x1 and t1 on peak (b) in fig. 1.
This is shown in fig. 3. The lowest snapshot, labeled (b),
is for t2 = t1 and is therefore the same as peak (b) in fig.
1 while the other snapshots sequentially increase only t2.
To illustrate asynchronous measurement in type I cor-
related interference, two 3-D plots of the barrier’s PDF
vs. x2 and D are shown in fig. 4 while fixing x1 and t1
to be in the space-time region associated with the type
I correlated inteference of the middle snapshot in fig. 1
(x1 = −2 and t1 is time associated with this snapshot).
While both plots are for the same time t2, fig. 4 (a) is
for a smaller initial particle velocity than is fig. 4 (b).
Since the particle is measured in the space-time region
associated with type I correlated inteference, the parti-
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FIG. 3: Asynchronous PDF snapshots for equal sequential
times t2 when the particle is measured during type II corre-
lated interference. The snapshot labeled (b) is for t2 = t1 and
is therefore the same as peak (b) in fig. 1.
cle could have come from the incident or reflected wave-
groups which travel in opposite directions. The largest
peak in fig. 4 corresponds to the barrier substate when
the measured particle did not interacted with the barrier
(the measured particle came from the incident wavegroup
moving to the right). The position of this peak is then
the same for different particle speeds as is shown in fig. 4
and is consistent with the expected position of the barrer
for no interaction.
The smaller peak corresponds to the particle having
been measured after it reflected (the measured parti-
cle came from the reflected wavegroup moving to the
left in the middle snapshot of fig. 1). The position of
this smaller barrier PDF peak therefore increases with
increased particle speed due to recoil of the barrier, as
shown by the different x2 positions of the smaller peaks
in fig. 4 (a) and (b). These positions are consistent with
those expected from “classical recoil” of the barrier from
the particle moving at these different speeds. This “clas-
sical recoil” corresponds to the particle reflecting only
once from the barrier even though the wave reflects from
both the front and back edges of the barriers. The stan-
dard interpretation of such interference is that there is an
amplitude for the particle to reflect from the front and an
amplitude to refelct from the back barrier edge. These
two amplitudes then interfere.
Since the particle could have reflected from either bar-
rier edge, the barrier is in a superposition of both these
possibilities. The PDF as a function of barrier width
along the D axis illustrates interference due to the bar-
rier being put into a superposition in which the particle
either reflected from the front or rear edges of the bar-
rier. For larger particle speeds the wavelength decreases,
resulting in the increased number of fringes along the D
axis as shown in this figure.
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FIG. 4: Asynchronous PDF snapshots when the particle is
measured during type I correlated interference. The two
peaks indicate a splitting of the barrier substate due to mea-
surement of the particle at an earlier time.
The parameters used in fig. 4 (a) are v0/V0 = 4.6,
∆v/∆V = 1.5, M/m = 5 while in fig. 4 (b) they only
differ by the increased particle speed v0/V0 = 6.1. Dif-
ferences in the PDF sizes and shapes of these figs. are
associated with the states being expressed as sums, the
transmissions and reflection coefficients depending on ve-
locity, and the dependence of the type I fringe pattern on
velocity (the PDF values for a given x1 and t1 depend on
the particle speed).
B. Infinite well-particle wavegroup
This calculation differs from that of the barrier due
both to the particle and barrier velocities being con-
trained by the resonance condition given in eqn. 12 and
by the lack of coefficients, such as the B, F , G, and H
used in the previous section, which depend on the pa-
rameters of integration.
A closed form expression for the well substate wave-
group can be obtained from a Gaussian distribution of
the energy eigenstates parametrized in terms of velocity
components, V , of the well, given by
Ψwavegroupwell ∝
∫ ∞
−∞
e
−(V−V0)2
2∆V 2√
∆V
Ψ[x1, x2, t1, t2]dV
where the peak of the distribution is at V0 and ∆V is
its width. This is then summed over integral values of
8n (the number of nodes) using the gaussian distribution
[11]
Ψwavegrouptotal ∝
∑
n
exp[−{(n− n0)pi∆x}2]Ψwavegroupwell ,
where the peak of the distribution is at n0 and ∆x is its
width.
1. Simultaneous measurement
Using these relations, the PDF is plotted first with par-
ticle and well substate wavegroups whose spatial widths
are less than the well spacing D. Fig. 5 shows such
PDF results for six snapshots taken at equal time inter-
vals progressing from the lower left to upper right along
the dashed line. ‘Reflection’ occurs at the diagonal white
lines, corresponding to x1 = x2 ± D. The particle and
well “reflect” from each other twice, in the second and
fourth snapshots. The classical analogs for the particle
and well positions for some snapshots are shown in the
insets, labeled by a, b, and c. These correspond to the
snapshots of the wavegroups labeled with the respective
letters. While the insets are schematics of the ‘classical’
analog between the wave and particle pictures, there is
nothing similar for the correlated interference snapshots.
The parameters used in fig. 5 are n0 = 50, ∆x/D = 1/15,
∆V/V0 = 1/30, and M/m = 10.
Type I correlated interference occurs when the inci-
dent and reflected two-body wavefunctions ‘overlap’ and
is shown in higher spatial resolution for the first reflection
in the right side inset of fig. 5. The fringes are spaced
by about half the deBroglie wavelength of the particle for
M >> m and v >> V , as are similar correlated inter-
ference fringes in two-body reflection of a particle from a
mirror [5]
Next, particle and well substate wavegroups are chosen
so that the spatial width of the particle substate fills the
well spacing D by using only the ground state n = 1
while the well substate width is much less than D. Fig.
6 (a) shows such PDF results of three snapshots taken
at equal time intervals progressing from the lower left
to upper right. ‘Reflection’ again occurs at the diagonal
white line, corresponding to x1 = x2 ±D. This particle
substate is a superposition of waves traveling in opposite
directions with different energies, resulting in the PDF
appearing as ‘traveling wave’ that matches the boundary
conditions at x1 = x2 ± D. The parameters used in
fig. 6 are n = 1, ∆x/D = 1/15, ∆V/V0 = 1/30, and
M/m = 10.
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FIG. 5: Simultaneous PDF snapshots for sequential times vs
coordinates (x2, x1) for a two-body wavefunction whose wave-
group size is less than the infinite well spacing. The diagonal
white lines correspond to x1 = x2 ± D. The trajectory is
indicated by the dashed line. The right inset is a blow-up of
the correlated interference of the second snapshot. The up-
per insets illustrate the classical analogies for the respective
wavegroup snapshots.
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FIG. 6: Simultaneous (a) and asynchronous (b) PDF snap-
shots for sequential times vs coordinates (x2, x1) for n = 1.
The upper four snapshots in (b) occur for sequential increases
in t2 while t1 is fixed at the lowest snapshot time of (a). The
lowest snapshots in (a)and (b) are therefore the same.
92. Asynchronous measurement
To illustrate asynchronous measurements, the particle
is measured at a particular x1 with t1 being the time of
the lower snapshot in fig. 6 (a), while the well substate
then evolves with Ψ[x1|fixed, x2, t1|fixed, t2]. Rather than
graph this time evolution using a 2-D plot of the well’s
PDF vs. x2 for different t2 snapshots and various values
of x1, PDF plots of snapshots at different times t2 are
shown on a 3-D graph of x2 vs fixed values of x1 as shown
in fig. 6 (b). To obtain the aformentioned plot from fig.
6 (b) one must take a slice along the x2 axis for a fixed
value of x1. Both figures 6 (a) and (b) use the same
parameters. Although the time intervals per snapshot
are the same for both figures, more snapshots are shown
as a vertical progression in part (b).
The resulting time dependent PDF along the x2 axis
for fixed x1 and t1 is a consequence of two well substates
of different energies being generated from the reflection of
the particle standing wave (which itself consists of waves
traveling in opposite directions with different energies).
That is, the well substate is a superposition in which the
particle substate traveling both to the right and left have
reflected, delivering different energies to the well.
IV. DISCUSSION
Total destructive correlated interference of the two-
body wavegroups, traveling in opposite directions in the
(x2, x1) plane, corresponds to positions where the parti-
cle and well or barrier can never be found. One method
to verify this effect is to measure the cm of the particle
and well or barrier with instruments which have a spatial
resolution that is smaller than the fringe spacing along
both coordinates. For a static barrier this spacing is half
the deBroglie wavelength of the particle, which at 5000
A˚ for ultracold atoms [12] satisfies this requirement while
it is dubious at 1.4 A˚ for slow neutrons [13].
Another constraint on the interference is that the
fringe visibility function must be non-zero. That is,
the incident and reflected two-body wavegroups must
‘overlap’ within approximately a longitudinal coherence
length [14], which is given by lc ≈ λ2/∆λ = λV/∆V [15].
For particle substates this can be lparticlec = 10000 A˚ for
ultracold atoms [12] or lparticlec = 790 A˚ for slow neutrons
[13].
In this localized region of type I correlated interfer-
ence, simultaneous measurement is then confined both
to a size determined by the two coherence lengths and
a temporal duration given by the time during which the
wavegroups overlap. The former is small for macroscopic
barrier masses while the duration of the interference is es-
sentially determined by the speed of the particle and its
coherence length, ≈ lparticlec /v for a static barrier when
lparticlec >> l
barrier
c .
One method to reduce these coherence length limita-
tions is with type II correlation interference, an example
of which is peak b in figs. 1 and 2. In this case the inter-
fering two-body wavegroups travel in the same direction
in the (x2, x1) plane after ‘reflection’ from the two bar-
rier edges and are therefore no longer confined to a small
region of space. A practical example is in retro-reflection
of a neutron from each of the two surfaces of a moving
aluminum ‘slab’.
This non-local two-body interference is to be con-
trasted with the local correlated interference just dis-
cussed and is similar to that of a pulse of light retro-
reflecting from a thin film where destructive interference
depends neither on the locations of the detector nor the
thin film. The physical difference between neutron-slab
correlated destructive interference and this classical ex-
ample is that in the former case neither the reflected neu-
tron nor slab can be measured simultaneously whereas in
the latter case only the pulse of light can not be measured
due to destructive interference.
A more detailed discussion of such non-local interfer-
ence and of issues associated with possible potential ex-
perimental verification of the correlated interference re-
sults presented here is similar to those for a particle re-
flecting from a mirror [5, 6]. Other similarities discussed
in these references and relevant to the interaction of a
particle with a well or barrier are: measurement of the
particle but not the barrier or well, distortion of the wave-
groups upon reflection, transfer of coherence between the
particle and well or barrier, and the possibility of ex-
tending the quantum-classical boundary to a macroscopic
mass using correlated interference.
The two body solution for the particle and well or bar-
rier system, Ψ[x1, x2, t1, t2], is given in terms of its sub-
system parameters. Operators for the system therefore
involve combining subsystem operators. For example,
the center of mass position operator for the system is
given by Xˆcm = xˆ1 + xˆ2. This sum must generate a
position eigenvalue which agrees with that expected for
the cm motion of the classical system, which under the
assumptions given is not influenced by any external po-
tentials. To satisfy these constraints, both subsystem po-
sitions must be measured simultaneously since an asyn-
chronous measurement leads to different cm positions de-
termined by the different times the particle and well or
barrier are measured. Therefore operators for a system
observable must act on Ψ[x1, x2, t1, t2]|t1=t2 . In all cases,
including tunneling through the barrier, the momentum
and energy eigenvalues of the system are then real even
though the subsystem momentum of the particle and bar-
rier may be complex or one of the subsystem energies may
be negative.
These results, although far from being comprehensive,
indicate a potential direction for further research in un-
derstanding quantum correlation.
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